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Abstract—Considering temperature dependent heat transfer coefficient, an optimum longitudinal fin array
is investigated. The heat transfer coefficient is assumed to vary with a power-law-type formula. The heat
transfer from tips of an array fins is taken into consideration. For convenience of design, two approaches
in the optimization of array system are given. The system is optimized by maximizing the heat dissipation
of the fin array at a fixed total fin volume. It shows that the aspect ratios of fins for an optimized array is
larger than that of a single optimum fin. The results of this work are all presented in dimensionless form
for the convenience of design analysis. In addition, results from this study are compared with the exper-
imental data of previous works. Copyright © 1996 Elsevier Science Ltd.

INTRODUCTION

Longitudinal rectangular fin is a common geometry
for extended surfaces which are widely used in fin
arrays. In many industrial applications such as aero-
space, air-conditioning, electronic components, auto-
mobile radiator and heat exchangers in vessels, the
weight or the available space is a primary design con-
sideration. Thus, it is desirable to obtain the optimum
design of fin arrays.

In the fundamentals of fin’s heat transfer charac-
teristics, Kern and Kraus {1] gave a thorough treat-
ment for the optimum design of convecting fins. A
comprehensive review of extended surface technology
including individual optimized fin and optimization
of fin array was presented by Kraus [2] for over six
decades. Lately, to improve the design of extended
surfaces, a lot of works [3-7] have been done in the
optimization of a single fin at a specified heat duty for
temperature dependent thermal parameters.

However, all the foregoing methods are mostly
essentially applicable for the case of a single fin. In
actual practice, an engineer rarely comes across a sin-
gle fin. Besides, the recent concern over the thermal
efficiency of energy conversion equipment has fur-
thermore focused attention on the optimization of free
and forced convection fin arrays. In the design of heat
exchangers in vehicles and vessels, it demands that the
requisite thermal load be dissipated with minimum
volume and weight. This requirement can be met by
choosing fin dimensions which maximize heat dis-
sipation per fin volume. Several studies of free con-
vection from multiple surfaces can be found in litera-
ture [8-11]. Due to the nonlinear characteristics of
this problem, most of the works are investigated
experimentally. In forced convection, Dhar and Arora
[12] obtained the optimum fin profile and concluded

that the use of individually optimum profile fins did
not necessarily result in the optimum finned surfaces.
The least material of convectively cooled arrays of
longitudinal, rectangular fins was theoretically pro-
posed by Bar-Cohen and Jelinek [13]. In their work,
it is pointed out that the aspect ratio of the array
optimum fin is found to be only marginally thinner
than implied by the conventional single optimum fin.
Assuming no temperature gradients in the extended
surfaces, Bar-Cohen [14] theoretically predicted the
optimal thickness of fin was equal to the optimal fin
spacing. In addition, Bar-Cohen and Rohsenow [15]
compiled a tabulation of the Nusselt number relations
recommended for vertical parallel-plate fins under
various thermal boundary conditions encountered in
practice.

In the use of fins subject to boiling liquid, Klein and
Westwater [16] performed an experiment to inves-
tigate the effect of fin’s heat transfer by varying the
spacing between fins. Their study was conducted
mostly with copper spines. Due to the complexity of
the boiling phenomenon, no optimum fin spacing was
reported.

In this study, considering temperature dependent
heat transfer coefficient, an optimized array with
longitudinal rectangular fins is investigated. Forced
convection, free convection, film boiling and nucleate
boiling, which all exist in pool or flow boiling, are
taken into consideration. To the best of the author’s
knowledge, this is the first paper to present ana-
lytically the optimum design of fin array for boiling
heat transfer. For convenience of applications, two
design approaches are proposed. The common input
conditions are width and height of an array, base
temperature, working fluid and thermal conductivity
of fins. In addition to the above known values, total
fin volume and fin thickness for the first model and
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selected heat transfer mode [W m—2 K ™!]
Bi,  dimensionless parameter, A,b/k
Bi,  dimensionless parameter, 4,4%/k

b fin thickness at fin base [m]

F hypergeometric function

F hypergeometric function,
F{1/2,m+3/2(m+1);3/2;1 =&

F, hypergeometric function,

F[1/2,m+3/2(m+1);3/2;{)
H height of fin array [m]
h heat transfer coefficient [W m~2 K ']
k thermal conductivity of the fin
Wm™' K]
fin length [m]
power-exponent
number of fins
heat transfer rate of an array [W]
dimensionless heat duty of an array,
Qb/(WHEB,)
dimensionless heat duty of an array,
O/(NHk6,)
fin spacing [m]
T temperature of fin surface [K]

Q=g ™

—%

Q
o

NOMENCLATURE
A fin profile area [m?] 14 total fin volume [m’]
a dimensional constant related to a w width of fin array [m].

Greek symbols

o aspect ratio of a fin, //b

B dimensionless geometric parameter,
WHb/V

£ ratio of fin tip to peripheral fin surface
constants, a./a

y dimensionless geometric parameter,
W](NA*)

¥ dimensionless temperature, 8/6,

0 temperature difference between fin

surface and ambient fluid, T— T,
¢ variable, defined in equation (3)
{ variable, defined in equation (4).

Subscripts, superscripts

b fin base

e fin tip

o optimum

s single fin

* nondimensional quantity
o ambient.

the number of fins and fin profile area for the second
one can be selected as the given conditions. The opti-
mum aspect ratios of fins and spacing between fins in
an array are then obtained and the corresponding
maximum heat dissipation is evaluated. Besides, a
comparison in the optimum fin spacings between the
present analysis and previous experiment is made.

MATHEMATICAL ANALYSIS

Figure 1 shows the geometric definition of a longi-
tudinal fin array with rectangular fins. The surface
heat flux along the fin is considered to exhibit a power-
law-type dependence on the temperature difference
between the fin and the ambient fluid, i.e.

q=a(T—T,)" M

The dimensional constant a and dimensionless con-
stant m depend upon the environmental fluids and the
heat transfer modes [3, 5, 17 and 18]. In the present
analysis, it is assumed that there is one-dimensional
steady-state heat conduction through the fins in an
array, a constant thermal conductivity for fins in the
array material, no heat source in the fins and base
plate, a uniform temperature at the fin base, a uniform
temperature for the surrounding fluid and equal fin
spacing between fins. In this work, two approaches
are proposed to obtain the optimum aspect ratio of
fins and the interfin spaces in an array. First the opti-
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Fig. 1. Geometric definition of an array with longitudinal
rectangular fins.

mum arrays are investigated with specified total fin
volume V, width of fin array W, height of fin array H,
fin thickness b, base heat transfer coefficient
hy[ = a(T,— T,,)™"'] and thermal conductivity of fin
material k. Second, the array system is optimized with
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given W, H, h,, k, number of fins N and fin profile
area A.

Given V, W, H, b, h, and k. The heat transfer rate
from an array of longitudinal rectangular fins can be
found by summing the thermal contribution of the
interfin area and the fins [18] and is written as

WHS, khyb Nk
0= b+s{ms+2Lnjla—fm+)] } @

where s stands for fin spacing and
&=y (1-0VmD. ©
In equation (3) ¥, represents 6,/6, and

_em+D)
T4

£ x Biy x o' @
where ¢ is a ratio of fin tip to peripheral fin surface
constants and Bi, is equal to h,b/k. Note that for a
large number of fins, the number of interfin spaces
is approximately equal to the number of fins and is
expressed as W/(b +s). It is desired to maximize Q by
varying s. Since the total fin volume is fixed, the length
of fins in an array varies accordingly. Thus, ¥, also
changes with s. In general, Q is a function of s and ..
In order to maximize Q, another constraint must exist
and is given as [18]
hy(m+1) g 12 V(b+s)
[ 8 ] * “WHb

kb

==Y F ~{2F,  (9)

where

— 1 m+3 3 m+1
F“F[z’z(mﬂ)’z’1 ¢ ]

and

1 m+3 3
F ==[§’2(m+1)"2"c]'

Note that equation (5) is derived from the temperature
distribution of a single fin and F is a hypergeometric
function which can be found in many textbooks and
handbooks [19-21]. By using Lagrange’s multiplier
method, an optimum relationship is obtained as

WrCm—m—1)E IR (m+ 1)/

(=g O]'2 =2} +2 /Bi (m+1)

x (m— 1)|//;"—2C‘1/2(1 __C)—OAS(m.;.s)/(m_,_l)
x [2(1—&Em+ 12 Bi, \/m] +4[(1 —&mt 112

)(Fl —C”ze]{Z(]. _ém+1)—1/2

xYTCmt—m—1)+ (m+1)E (1 —{) et D

1037

. [1 (m—1){

_ _gmy12
m+n04Jmlé )

_m]}= 0. ®)

For any given m and Bi,, . can be immediately evalu-
ated from equation (6). Substituting the calculated i,
into equation (5) gives

él-m
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where o, is the optimum aspect ratio, //b, of a fin in
an array.

Insulated tips of fins in an array (¢ = 0). It is appar-
ent that £ = Y. and { = Ois a special case of a fin array
with negligible heat loss from fin tips. The design
expression (6) can thus be simplified as

200 =yt )2 —[Biy(m+ 1))

S 1o pmt 13172
_%m_nF&%a%Ll]

2= -yt

2 m+1
.

P (L)

l m+3 E m+ 1
2°2m+1)’2" "¢

=0 ®
and the optimum aspects of array fins is expressed as
1-m 1/2
— e o mE1y12
%o [Bi1 (m+ 1)} (=ye™)
1 m + 3 - 3 . m+1
Az} ©

The optimum interfin spaces then becomes

(%)0 =fxo,—1

where f is equal to WHb/V.

m = 1: in purely forced convection, the optimum
expression can be further simplified. Employing the
formula [19), F11/2,1;3/2; 22 =(1/22) In(1+2z/1—2),
equation (9) is reduced as

2312
/2Bi; xa, = lnlj—(llp&.

After some mathematical manipulation and
rearrangement, the dimensionless tip temperature is
obtained in the form

Y. = sech(\/2Bi, x a,). (12)

Substituting equation (12) into equation (8) gives

(10)

an
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\/Extanh(. /2Bi, X a,)
—2./Bi, x o, x sech®’(\/2Bi, xa,) = /Bi;. (13)

This expression is the same as that given in the work
[22].

Given W, H, N, A, h, and k. The total heat transfer
rate for a longitudinal fin array in this case becomes

W 1
= NHOk{Bi,| —— — —
Q b { 12<NA1/2 \/&)

: 172
420114 |:me1(1 _ém+l)j| } 14)

where £ is given previously in equation (3). Note that
the first term in the above equation gives the heat
dissipation from the unfinned portion of the vertical
surface and the second term gives the contribution of
the fin surface. In equation (14), Bi, represents
hy,A'?/k. Also, note that a large number of fins in an
array is assumed, hence N equals W/(b+s). In this
optimization work, « is altered to maximize Q at a
fixed fin profile area, 4. However, . varies with «.
Thus, another constraint derived from the tem-
perature distribution of a single fin is needed and is
expressible as

1/2
I:(m-}- 1)Bi, x é"‘":| x o34

== YR ={"PF,  (19)

where F, and F, are the same as those given in the
previous design method. In this approach the fin pro-
file area, A, of a fin is given instead of fin thickness,
b. The parameter ({ 1is thus rewritten as
{ = [€#(m+1)/4] x Bi, x a~'"4y"~!. The mathematical
solution to this optimization problem can also be
obtained by means of Lagrange’s multiplier method.
An optimum expression is then derived as

Y @ml—m—1)(1 =& )~ 2/ Biy(m+1)
x o MAE-OnEIZ =12 o (32

X (1 _ém+l)l/2 _Cl//;n+l€—(m+3)/2(1 __fm—fl)fl/Z

x (1 _a;l/2) —ag 1/2Cl/2(1 _C)—O,S(m+3)/(m+ 1)

+/ Biy [(m 4 1) (m— Dfal/* x £
X C(] _C)—m/(m+l)+3 Blz(m+1 a;/4é(m#1)/2]
- BiZ(m+1)Xa;3/4—0£;1/2(1—6m+1)1/2— :H,]

x{(1—gm1)=7] {(m—l)ws‘c'ﬂ

X (1 _C)—OAS(m+3)/(m+l)

+/ Bi,(m+1)(m— 1)1 g0m=3)2
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H(m+1 _ (m—1){ _
U U [1 (m+1)(l—C)]}_ 0.
(16)

For any given m and Bi,, the optimum aspect ratio of
a fin in an array can be obtained by solving equation
(15), replacing « with «, and equation (16) sim-
ultaneously.

Insulated tips of fins in an array (¢ = 0). To obtain
a simpler form of the design expression, an array
with insulated tips of fins is investigated. In this case,
¢ =y., { = 0 and equation (16) is reduced as

1
/ (m+1)Bi, (a—+31//’:“>+ [(m—1)Bi, x oy *

—ag X (1)

Bi, 1/2
—(m—l)(mjrl) A=y =0. (17)

Also, from equation (15) the optimum aspect ratio of
a fin is derived as

I m+3 3
__fm+1y1/2 _ [ Y B |
Ol P SR

V/ Biz(m+ Dy D7

Xy =

(18)

Apparently, the solution procedures for this case are
much easier because only one equation is needed to
be solved by substituting «, in equation (18), into
equation (17). At any given m and Bi,, Y. can be
evaluated immediately from equation (17). The opti-
mum aspect ratio, «,, of a fin in an array is then
obtained from equation (18) with the calculated ..
In this array, the optimum fin spacing is calculated as

s 1\
)=

or alternatively,
S
(3), ===

where 7 is equal to W/(NA'?). Note that b is a known
value in equation (20) since A4 is a given value and «,
is evaluated.

m = 1: employing the same formula and pro-
cedures as that described in the previous case, the
dimensionless tip temperature of a fin in an array is
derived as

(19)

20

Y. = sech(\/2Bi, x a3*).

Substituting equation (21) into equation (17) gives

@n
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/ 2Bi, x o2*[tanh(/2Bi, x «2/*)
—3./2Bi, x 03" sech?(\/2Bi, x «2/*)] = 231’2\/&;.
(22)

Also, this expression is identical to the recent work
[23].

RESULTS AND DISCUSSION

A longitudinal rectangular fin array is optimized in
two different approaches depending on the given
design parameters. In this section, the array with insu-
lated-tip fins is investigated for simplicity. The two
results from different design methods are discussed,
respectively, in the following.

Given V, W, H, b, h, and k. From the foregoing
analyses, the design procedures of this optimized array
system is summarized as follows : the tip temperature
of the fin in an array is first evaluated with any given
Bi,. The optimum aspect ratios of fins used in an
array are then obtained. With o, and known geometric
parameter f, the optimum fin spacings between fins
are subsequently sclved.

Figure 2 shows the dependence of «,, Y. and B,
on Bi, for m = 0.75, 1, 1.25 and 3. It is worthwhile to
mention that the power-law exponent m = 0.75, 1,
1.25 and 3, represents the heat transfer modes of film
boiling, forced convection, laminar free convection
and nucleate boiling in applications, respectively. It is
observed that «, first decreases with Bi, to a minimum
value then increases abruptly with increasing Bi;.
However, the tip temperature of fins decreases mono-

3 4_\
aL : : =
i y
o . _F m=0.75 ]
. 0.5+ 1 .
o 1.25 :
i 3 ]
O et : —
E 0,5; oq.r;s
« F 1
r 1.25
— 3
O ol 1
10° 10° 107 10
Bii

Fig. 2. Dependence of a,, . and B, on Bi, form = 0.75, 1,
1.25 and 3(¢ = 0).
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tonically with Bi; and drops to environmental tem-
perature at a certain maximum Bi;. This maximum
value of Bi; may be calculated from equation (8) and
is expressed as

4
(Bll)max - m+ 1 . (23)
The detailed mathematical procedures are given in
Appendix 1. Apparently, there exists no optimum
design for any Bi, greater than (Bi))... Also, from
equation (8) one can see that the corresponding aspect
ratio of a fin is infinity as ¥, tends to zero for m > 1.
For 1 > m > 0, using equations (8) and (23), «, is
derived as

2(1+m)

(ao)we= 0= 1 (24)

—m
Since the interfin spaces should always be positive,
there exists a minimum value of § as shown in the
bottom of Fig. 2. It is apparent that ., is equal to
1/, from equation (10). No optimum fin spacing of
an array is found for any given f less than f,;..

It is interesting to learn that there exist two identical
a,s at two different Bi;s for all heat transfer modes on
the top of Fig. 2. In applications, it is suggested that
a smaller Bi, be selected. Because the tip temperature
of a fin decreases with Bi, the fin efficiency is lower
for a larger Bi,. The phenomenon of two «, is further
illustrated in Fig. 3 for m = 1.25 and 3. It shows that
the maximum heat transfer rates of arrays only
increase with Bi). Also, note that the difference in Q%
is not so pronounced at differing « for Bi; close to
(Bi|)max- This is because fins work inefficiently at a
larger Bi;. The cause of maximum heat transfer rate
of an array can be more clearly illustrated by showing
the heat dissipations from finned surfaces and interfin
surfaces, respectively. Figure 4 displays these results
for Bi; = 0.01, 0.8, 1.77 for m = 1.25 and Bi, = 0.01
for m = 3. Since the total fin volume and fin thickness
are fixed, the fin length and fin spacings increase with

10 B&— 1.77- 0.8
1:’%;\ . 01 7
10 ¢ N 3
E m=1.25"<954989h E
£ B=1 S Bi1=0.01 3
. -2 0.005_]
& 10— ; 7
- 0.99
10" T 0.9 3
F—o— 0.3 E
a7 N )
100 F e
EOB=1 >~ Bi1=0.01 3
-2 o 0.005
10 T T Y
1 2 3 4 5 6
a

Fig. 3. Dependence of Q¥ on o for § = 1 and m = 1.25 and
3(e = 0).



1040
1.8 array 4
1.2 —_ fins N
0.6 —— spacings 12
: mf1.25 P E
Q P — 0
) array 4
IC fins
0.5 - spacings P
N 7r:é=1.25
L =1 Bi1=0.8
Q1* O —t— t t ; O
arra
4
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OF : t | : 0
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01 2 3 4 5 60

@

Fig. 4. The dimensionless heat flow dissipated by fins, spa-
cings and an array at differing o for § = 1 and m = 1.25 and
3(e =0).

the aspect ratios of an array fin. Thus, with fixed base
temperature, as « increases, the heat dissipated from
fin spaces increases accordingly. However, the heat
dissipations from fins tend to reduce because large
numbers of smaller fins have turned into small num-
bers of larger fins. Hence, with the conflicting trends
in heat dissipations from fins and spacings, a
maximum heat transfer rate may occur at a certain a
which is designated as a,. For m = 1.25, it is observed
that the total heat transfer rate of an array are domi-
nated by fins’ heat transfer at a smaller Bi). In
addition, the heat dissipation from fins decreases
slowly with a as can be seen from the bottom two
figures in Fig. 4. With an increase of Bi,, the heat duty
of fins tends to decrease very fast whereas the heat
dissipation of interfin area increases enormously on
increasing o. This is due to the fact that the tip tem-
peratures of array fins tend to zero at a larger o and
the heat transfer rates from fins reduce. Thus, the
maximum heat transfer rate of an array occurs at a
smaller «,. Upon increasing Bi, close to (Bi)m.x @
slight variation of heat flow from these inefficient fins
is observed whereas a significant increase in heat dis-
sipation from fin spaces is attained. The optimum
aspect ratios of the fins in an array therefore becomes
larger. At the same Bi|, the dimensionless heat transfer

R.-H. YEH
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Fig. 5. Influence of § and Bi, on (s/b), for ¢ = 0.

rates from fin spacings are almost identical for
m = 1.25 and 3. However, the heat duty from fins
drops more quickly on increasing « for m = 3 than
for m = 1.25. Thus, the maximum heat transfer occurs
at a smaller o, for m = 3.

Figure S depicts the dependence of (s/b), on § and
Bi,. It is shown that the optimum fin spacing between
fins is large at a smaller Bi, due to a smaller fin thick-
ness. At a specified geometric parameter B, (s/b),
decreases with m. Note that (s/b), first decreases with
Bi, to a minimum value then increases abruptly with
increasing Bi,. Similar trends are observed for differ-
ent fs. Because of the action of buoyancy forces, the
fluid of higher temperature travels upwards along each
vertical surface of the array. Therefore, the boundary
layers grow thicker as the fluid proceeds upward. The
boundary layer thicknesses on the fins increase with
the fin height H. Also note that the fin spacings must
be twice the boundary layer thickness at the top of
isothermal fins to avoid boundary layer interference.
Hence, the larger the geometric parameter is, the
larger the optimum interfin space is obtained. In
addition, no optimum fin spacing is found for
Bi, > (Bi|)max- The dependence of Nb/W on Bi, is given
in Fig. 6. With the known values of 4 and W, the
optimum number of fins in an array can be readily
obtained. It shows that Nb/W first increases with Bi
to a maximum value then decreases with increasing
Bi,. Furthermore, Nb/W increases with f at a given
Bi,. This can be comprehended that the optimum
number of fins increase as (s/b), decreases at a fixed
w.

Given W, H, N, A, h, and k. In this method, the tip
temperature of fins in an array are first solved at a
given Bi,. The optimum aspect ratios of fins are then
evaluated. Subsequently, (s/4%%), is obtained with a
specified y. Figure 7 depicts the dependence of «,, i,
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Fig. 6. Dependence of Nb/W on Bi, for § =1 and 5 and
m=10.75,1, 1.25 and 3(¢ = 0).
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and y.;, on Bi,. As the heat dissipations from the fin
spacings vanish, equation (17) becomes

[ —1)=2Q2m+ Dy*']

m 3
—_— ] — m+1 1=0. 2
xF{l,m_H,z, [/ j|+rn+ 0. (25
The above equation is the same as that of a single
optimum longitudinal rectangular fin [24]. It is also
observed that a minimum «, exists at a certain Bi,.
However, the tip temperatures of fins decrease mono-

40 - -

m
N /O
L /

gzo\ 1

5 .

.7
1
.25
3

- : _1
10 10 10
Bi2
Fig. 7. Dependence of a,, ¥ and y;, on Bi, form = 0.75, 1,
1.25 and 3(e = 0).
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(s/b)o
(s/4%%)

°(go¥,/'S)

Fig. 8. Dependence of (s/b), or (s/A%*), on Bi, for y = 1 and
3and m = 0.75, 1, 1.25 and 3(¢ = 0).

tonically with Bi,. For 0 < m < 1, a maximum value
of Bi, is found at ¥, = 0 and is derived as

(Bix)max = [(1—m)(1+m)] 12 (26)
At (Biy)max, the optimum aspect ratios of fins becomes

14+m

(“o)we=o = ‘1‘_“* .

- @7

The complete details of the algorithm are given in
Appendix 2. Also, no optimum design is found for
Biy > (Biy)max. For m = 1, the zero dimensionless tip
temperature occurs at infinite Bi,. It is indicated that
there always exists an optimum fin array for a given
finite Bi, in the case of m > 1. In addition, there exists
a minimum value of y for positive spacings between
fins. This is given in the bottom of Fig. 7. The influ-
ences of m and y on dimensionless interfin spaces
(s/A™%), for y = 1 and 3 are shown in Fig. 8. Note that
(s/b), is also given for reference. This is due to the fact
that b is a known value since «, is calculated in advance
for a specified fin profile area. It is observed that (s/b),
and (s/A4°%), both first decrease with Bi, to a minimum
value then increase with Bi,.

The dependence of Q% on « is displayed in Fig. 9
for y =1 and m = 1.25 and 3. In these figures, the
variation in Q% is obvious at smaller values of «, but
no significant difference in Q% is shown at larger as,
however, a maximum Q% can still be detected. This
can be explained that Q% is merely the summation of
the heat transfer from a fin and a spacing whereas
Q¥ is contributed to all the fins and inter-fin spaces of
an array. The effect diminishes hence the difference
between maximum Q% and the values nearby is not so
pronounced. The cause of maximum Q% on differing
o for m = 1.25 and 3 are given in Fig. 10. The dimen-
sionless space in a fin array can be obtained directly
from equation (20). It is apparent that s/4%° increases
parabolically with « and the heat transfer from fin
spacings thus also increases with o. Aside from the
maximum heat dissipation of fin array, it is worthy of
noting that a maximum heat transfer rate of a fin is
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Fig. 9. Effects of Bi, on QF for y =1 and m = 1.25 and
3(e = 0).

also observed at a certain a for Bi, = 0.1 and 0.5.
From [24], the optimum aspect ratio of a rectangular
fin can also be expressed as a function of Bi, and is
written as (o), = 0.939Bi;*® for m =125 and
(%), = 0.653Bi5** for m = 3. Note that (a,), is equal
to 0.939 at Bi, = 1 for m = 1.25. Thus, the optimum
aspect ratio of a single fin does not show on the top of
Fig. 10. A significant improvement in the heat transfer

1.5 ——
in and spacing 0.6
1
0.5L spacing __0.3
B e
7= = -
0 : O
L fin and spacing 0.6
i fin
05:_ '”7":11‘25 spacing '_O 3
i Bi»=0.5 A
*
L fin _
0.2 1
- _ 0.3
0.1 1-;:; 25 spacing ]
B { Bis=0.1 7 0
fin and spacing 410.6
0.2 fin h
=3 -10.3
01 "';=1 spacing ]
Bi>=0.1 -
, 0
O1 6 11
o

Fig. 10. The dimensionless heat flow dissipated by a fin, a fin
spacing and a summation of both at differing « for y = 1 and
m = 1.25 and 3(e = 0).
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L 6F =
O » 7
0 0.5 1

Fig. 11. Comparison of (s/b), between the predictions of
present model with insulated fin tips for m = 1.33 and exper-
imental data [8, 11].

from interfin space is attained by increasing Bi,. This
is owing to the fact that the augmented base heat
transfer coefficient will result in an increase in the heat
transfer rate at wall, h,0,Hs. In view of the bottom
two figures of Fig. 10, a very slight difference of the
heat dissipation from fin spacing is shown between
m = 1.25 and 3 for Bi, = 0.1. Also, the heat dissi-
pation from spacing is smaller compared with fin’s
heat transfer especially at a smaller Bi,. Thus, the heat
transfer characteristics of a fin are dominant factors
in the study of an optimized fin array in the present
case. Consequently, the optimum aspect ratio of the
array fin is larger for m = 1.25 than that for m = 3
because (o), is larger for m = 1.25 than for m = 3.
Regarding thermally optimal spacing of fin arrays
in free convective heat transfer, a few experiments
were conducted. It is found that all the data are subject
to turbulent natural convection because all the Ray-
leigh numbers are greater than 10°. Figure 11 shows
the comparison in (s/b), between the results predicted
by the proposed model for m = 1.33 and experimental
data. In the upper figure, it is noted that the present
analysis compares favorably with the work [8] only at
smaller values of Bi;. This is due to the fact that a
larger Bi, represents shorter and fatter fins used in an
array. The proposed one-dimensional model thus fails
to predict (s/b), well. To see the difference between
non-isothermal fins and isothermal fins used in an
array, a comparison of this study and previous work
[11] is given in the lower part of Fig. 11. It should be
pointed out that the data are obtained at an exper-
iment by controlling the temperature of whole fins to
be uniform. As can be seen (s/b), is smalier for an
isothermal array fins. Also, it is worthwhile to point
out that Bar-Cohen [14] theoretically predicted (s/b),
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to be unity for isothermal fins in an array. This value
is even smaller. To validate the present models, more
data especially from boiling experiment are needed.

CONCLUDING REMARKS

In this work, considering temperature dependent
heat transfer coefficient, design methods of an opti-
mum array with longitudinal rectangular fins are pre-
sented. At a given working fluid, base temperature,
thermal conductivity of fins and fin thickness (or fin
profile area), the optimum aspect ratios of fins in an
array are first solved. The fin spacings of the optimized
array are then evaluated with the input of geometric
parameter f (or y). It is found that the aspect ratios
of fins as well as interfin spaces in the optimized fin
arrays first decrease with Bi, (or Bi,) to minimum
values then increase with Bi; (or Bi,). For the model
of given fixed total fin volumes, an increase in o will
decrease the heat flow dissipated by fins but will
increase heat transfer from fin spacings. Because of the
conflicting trends, an optimum array corresponding to
a maximum heat dissipation exists. In the model of
the specified number of fins, a maximum heat transfer
rate of a fin first occurs at a certain a while increasing
. A further increase in o will reduce the fin’s heat
transfer, however, the heat dissipated by interfin area
will increase. Hence, an array with maximum heat
dissipation also exists. It is shown that a, of an array
fin is larger than that of a single fin.
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APPENDIX 1

For m < 1, as . tends to zero, equation (8) may be
reduced as

Bi(m+1) =2. (A1)
For m > 1, multiplying equation (8) by ¥~ ’2 one obtains
zlllgm— 1)/2 (l _ l//:’+ 1)1/2

— VBB (1)

_{(m_l)[ﬂil(l—wr“)]“z

m+1
2m=-1(A -y -~
m+1 o
1 m+3 3
__ymt 13172 Z eyt (=
x(1—yI*h XF[Z’Z(m+1)’2’1 T ] 0. (A2

In the case of m = 1, an expression identical to equation
(A1) can be immediately obtained from the above equation
for y.=0. For m> 1, employing the formula [21],
Fla,b;c;1] = T(c)['(c—a—b)/[T'(c—a) x T'(c—b)] gives the
same result as that given in equation (Al) as Y, approaches
Zero.
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APPENDIX 2

For 1> m>0, substituting equation (18) into
equation (17), using the formula [21], Fla,b;c;x] =
(1=x)"""°F[c—a,c—b;c; x] and after rearrangement gives

+ . m+ 1_m

(l_we ‘)05[1_(1_ e 1)1+m
x {3y
(l+m)_l/3{2/3(1—l/l:"+1)1/3

x[(A+m)A =y )= —1+m]

B3P = (A3)

where { is denoted as F[1,m/(1+m);3/2;1—y7*']. In-
corporating the formula [21], (d/dx)Fla,b;c;x]=

R.-H. YEH

(abjc) x Fla+1,b+1;c+1;x] and applying I'H6pital’s rule
yield

Jim, BA® = (1 —m)(1+m)] ", (Ad)
Rearranging the above equation gives the result of (Bi,)p.
as expressed in equation (26). With the help of equation (18)
and after some transformations, the aspect ratios of optimum
array fins are obtained as

1 0-5 m 3
3/4 __ B
% —|:(l+m)(Bi2)max:| F|:1’l+m’2’1:| (A3)

for . = 0. Substituting equation (A4) into equation (AS5)
and using the formula described in Appendix 1 give the
expression as shown in equation (27).



